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The paper discusses a general method for constructing regular incidence- 
polytopes d from certain operations on the generators of a group W, which is 
generated by involutions. When W is the group of a regular incidence-polytope Y. 
this amounts to constructing the regular skew polytopes (or skew polyhedra) 9 
associated with Y. ‘c’ 1990 Academic PRSS. IIX 
1. INTRODUCTION 
The study of regular polytopes and their generalizations has a long 
history (cf. Coxeter [6]). In recent years there has been a renewed interest 
in this subject leading to new insights into the geometrical and com- 
binatorial structure of regular polytopes in the most general sense 
(McMullen [17], Griinbaum [14, 151, Dress [ll, 121). 
A purely combinatorial generalization is given by the concept of regular 
incidence-polytopes. This concept is patterned after the classical theory of 
regular polytopes and provides a suitable framework for the study of com- 
binatorially regular structures. For an introduction see Danzer and 
Schulte [lo], but note that closely related notions also occur in 
McMullen [17, 181, Griinbaum [lS], Buekenhout [l], Tits [28,29], and 
Dress [ 131. 
In this paper we shall describe a general method for constructing regular 
incidence-polytopes 9 from groups W, which are generated by involutions 
60, . . . . cm 1. Given such a group W, we derive a new group A from W by 
taking as generators po, . . . . pd- i for A certain suitably chosen products of 
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2 MULLEN AND SCHULTE 
the generators gi of W. This process is called a mixing operation p, or 
simply an operation, on (the generators ci of) W, note that mixing opera- 
tions are not (twisting) operations in the sense of [20, 211. Then in suitable 
cases the resulting group A will be the group of a regular d-incidence- 
polytope 9. 
Particularly interesting is the case where W is the group of a regular 
m-incidence-polytope 9. Then, in many situations 9 can be regarded as 
some kind of d-dimensional regular skew polytope “sitting” inside the m- 
dimensional 9’. This relationship can be made more precise by suitably 
employing a combinatorial analogue of Wythoff’s construction (cf. [6]). In 
particular, if Y is a classical 4-dimensional regular polytope or star- 
polytope, then a suitable choice of ,U gives us Coxeter’s regular skew star- 
polyhedra in euclidean 4-space lE4 (cf. [4, p. 1021). This illustrates that 
mixing operations provide an approach to a combinatorial theory of 
regular incidence-polytopes and their associated skew polytopes. 
2. DEFINITIONS 
Following [lo], an incidence-polytope L? of dimension d (or briefly, a 
d-incidence-pofytope) is a partially ordered set, with a strictly monotone 
rank function dim( .), such that the properties (11) to (14) below hold. The 
elements of rank i are called the i-faces of 9’: 
(11) There is a unique least face F_, with dim(F-,) = - 1 and a 
unique greatest face Fd with dim(F,) = d. These are the improper faces of 9. 
(12) The maximal totally ordered subsets orflags of 9’ contain exactly 
d+ 2 faces (including FP i and F,), that is, a face of each dimension. 
(13) 9 is strongly flag-connected in the following sense: for any two 
flags @ and Y, there is a sequence CD = Q,, Ql, . . . . @“-, , CD, = Y of adjacent 
flags, meaning that card(Dj\Qji ,) = 1, such that @n Y is contained in Qj 
for all j. 
(14) For any (i - 1 )-face F and any (i + 1 )-face G with F < G there 
are exactly two i-faces H of 9 with F< H < G. 
If F and G are faces of 9 with F< G, we call the incidence-polytope 
G/F := (H 1 F < H < G} (of dimension dim(G) - dim(F) - 1) a section of g. 
There is little possibility of confusion if we identify a face F with the section 
F/F-, (and thus I;; with 9). The faces of dimension 0, 1, and d- 1 are also 
called the vertices, edges, and facets, respectively. If F is a face, then F,/F 
is said to be co-face of F, or the vertex-figure of F if F is a vertex. 
The dual 9* of 9 is obtained from 9 by replacing “ < ” by “ > ” while 
leaving the set of faces unchanged (see also Section 4). 9 is called self-dual 
if 9* is isomorphic to 9. 
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The automorphism group or simply group A(P) of 9 consists of the order 
preserving permutations of the faces or automorphisms of 9. The extended 
group D(P) of a self-dual 9’ is the group of all automorphisms and dualities 
(order reversing permutations of the faces) of 9; it contains A(B) as a 
subgroup of index 2. 
We say that 9 is regular if A(9) is transitive on its flags. (Note that (13) 
and (14) imply that A(P) is actually simply transitive on the flags of 9.) 
For a regular 9, all its sections are also regular and any two comparable 
sections are isomorphic. 
Let 9’ be regular, @ := {F- , , F,, . . . . F,,} a fixed base flag of 9 (occa- 
sionally we omit F-, and Fd) and pI the unique automorphism which 
keeps all but the i-face F, of @ fixed (i = 0, . . . . d - 1). Then pO, . . . . pd- , 
generate A(P) and satisfy relations 
(P,P,)“” = 1 (i, j=O , . . . . d - 1 ), (1) 
wherepii=l,p,r=py=:pi+l ifj= i $1, and ps = 2 otherwise; here, p,+ I is 
the number of i-faces of 9’ in the section Fi+ JFiP,. Thus (1) is determined 
by the type {pl, . . . . pd- ,} of 9. 
The group of 9’ has the intersection property with respect to its generators 
pi; that is, 
(piliEl)n (p;liEJ)= (p,(iEZnJ) for Z,Jc(O ,..., d-l), (21 
where we define (~;(i~@):={l}. If i<j, the subgroup (bulk= 
i + 1, . . ..j- 1) is the group of the section F,/F,. Furthermore, within 9 
incidence of faces is characterized by 
cp(Fi)fIC/(Fj)o(-ldidjbd and cP(PkIk#i)nIC/(p,(k#j)#O); 
(3) 
here, by the commutation rules for the ok, the condition on the right-hand 
side is equivalent to “$ ~ ‘q E (pk 1 k <j - 1) . (pk 1 k 2 i + 1 ).” Note that, 
by (3) with i =j, we can identify the i-faces of 9 with the left cosets of 
(pk 1 k # i) in A(B). 
By a C-group we mean a group A generated by involutions pO, . . . . pd- 1 
such that (1) and (2) are satisfied for the pk. (Here, “C” stands for 
“Coxeter” but clearly C-groups will not be Coxeter groups in general.) In 
this paper many considerations are based on the fact that the C-groups are 
in one-to-one correspondence with the groups of regular incidence- 
polytopes. More precisely, if A is a C-group with generating involutions 
PO> ..., Pd- L, then A is the group of a regular d-incidence-polytope 9 of 
type {P,, . . . . pdP ,> and po, . . . . pd-, are the distinguished generators defined 
with respect to a base flag of 9, and vice versa (cf. [25]). 
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For example, if pi, . . . . pdP , 3 2 and A is the Coxeter group with the 
linear diagram M . . . - (cf. [6]), that is the group abstractly 
defined by the rel%ionr (1) thl;- ‘A is a C-group and is the group of the 
universal incidence-polvtope of type (p,, . . . . pd-, }; this will simply be 
denoted by {pl, . . . . pdP i}, and its group by [p,, . . . . pd- ,] (cf. Coxeter [6], 
Tits [28], and [25]). Here “universal” means that any regular 9 of the 
same type can be derived from { pl, . . . . pd- r } by suitable identifications. 
Given regular d-incidence-polytopes pi and 9” such that the vertex- 
figures of 9i are isomorphic to the facets of p2, we denote by (pi, 9) the 
class of all regular (d + 1 )-incidence-polytopes 9 with facets isomorphic to 
9, and vertex-figures isomorphic to Yz. If (9,) Yz) # 0, then any such 9 
is obtained from the universal member of (pi, s&) denoted by (9,) Y1 } 
(cf. [26]). 
Next we recall the notions of Petrie-polygons and j-chains (cf. [4, 61). 
Following the inductive definition of Petrie-polygons in [6], we declare 
that the Petrie polygon of a 2-incidence-polytope is that incidence-polytope 
itself. Then, for d > 3, a Petrie polygon of a regular d-incidence-polytope 9 
is a path within the I-skeleton skel,(p) of 9 (the graph consisting of the 
vertices and edges of g) such that any d- 1 consecutive edges, but no d, 
belong to a Petrie polygon of a facet of Y. In most of our applications, 9 
will be a regular map of type (p, q} on a surface, that is, d= 3 (cf. [8]). 
In this case, if 9’ has Petrie polygons of length h, then we have 
(PoPIP2)h = 1, (4) 
and 9’ is said to be of type {p, q}h. If (1) (with d= 3) and (4) suffice for 
a presentation of A(Y), then 9 is denoted by {p, qlh (cf. [S]). 
Let 9 be a regular map of type {p, q} on a surface S, possibly an infinite 
map on a non-compact surface. Forj= 1, . . . . [q/2], aj-chain of 9 is a path 
along edges of 9 which leaves, at each vertex, exactly j faces on the right 
(and p -j on the left) according to a local orientation carried on the path. 
When j= 1 this is a 2-face of 9, when j= 2 it is the “first hole” (cf. [4]). 
If rj is the length of thej-chains of 9, then we have the additional relations 
(PoPl(P2Pl)i-‘Y~= 1 for j= 1, . . . . [q/2]; (5) 
again, if (1) (with d = 3) and (5) suffice for a presentation of ,4(Y), then 9 
is denoted by (p, q I r2, . . . . rC4/21 }. An important example is Coxeter’s map 
M,:={4,qj4Cy’2’-‘} (q23), 
where the upper index gives the number of 4’s (cf. [4, p. 100; 31); its group 
is C2 t D,, the wreath-product of C2 and the dihedral group D, (with D, 
acting as usual), of order 2y+ ’ . q. 
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If only the first 1 (say) numbers rj are of interest, we simply write 
b= (p, qlr,, . . . . r,} if (1) and the corresponding relations (5) with j < 1 suf- 
lice for a presentation of A(B). Examples with 1=2 are Coxeter’s finite 
skew polyhedra (4,6(3), (6,4[3), (4,813) and (8,413) in euclidean 
4-space (cf. [4]). More generally, we leave a space rj blank if it is not 
needed; examples are the maps {p, q I., r >. 
We conclude this section with some remarks on Wythoff’s construction 
(cf. C61). 
Given a regular d-incidence-polytope 9, the barvcentric subdivision Q?(P) 
of Y is the simplicial complex whose faces are the totally ordered subsets 
of 9 not containing the improper faces Fm I and Fd. Call .Y (faithfully) 
realizable if, for j= 1, . . . . d- 1, all the j-faces of 9 are uniquely determined 
by their (j - 1 )-faces (cf. [ 191). If 9 is a lattice, then Y is realizable. 
Any realizable 9 can be recovered from its barycentric subdivision S’(p) 
by the following process, the geometrical analogue of which is often called 
Wythoff’s ronstruction. Pick the vertex FO in the base flag of 9 (which 
remains a vertex for g(p)), set G, := F, and define recursively 
G, = { cp(G,- ,)I cp E (PO, “‘2 Pi-. 1) i 
for j= 1, . . . . d. This gives the base flag Y := {G,, . . . . G,} (with the ( - 1 )-face 
omitted) of a d-incidence-polytope Y’, whose remaining flags are the trans- 
forms of Y by A(Y). Clearly, since 9 is realizable, 9’ is isomorphic to 9’. 
3. MIXING OPERATIONS 
In this work the incidence-polytopes are constructed by so-called mixing 
operations, or simply operations, on groups W generated by involutions 
a(), . ..) CT, ~ 1 . In many applications W will be the group of some regular 
m-incidence-polytope and CJ~, . . . . crm ~, the distinguished system of 
generators. 
Given such a group W, we derive a new group A from W by taking as 
generators pO, . . . . pd _, for A certain suitably chosen products of the 
generators (T, of W; hence A is a subgroup of W. This process is called an 
operation on (the generators of) W and is denoted by 
p: (a,, ..., urn- ,)++ (PO3 ..., Pd- I). 
For example, if W is the group of a regular m-incidence-polytope Y, then 
the operation 
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of taking the two products of alternate generators ci yields a dihedral 
group which is the group of a Petrie polygon of Y. In the general situa- 
tion, operations on W can be chosen in several ways which lead to quite 
different groups and generators. 
We assume (as we may) that among the defining relations for Win terms 
of the CJ; there are relations of the form 
(up,p = 1 (i,j=O, . . . . m- f), (6) 
with qif = 1 and qji = qii for all i and j, but not necessarily with qO = 2 if 
I i--j1 2 2; here, qij is supposed to be the exact order of a,~,. This way W 
is exhibited as a quotient of the Coxeter group l$’ abstractly defined by the 
relations (6). Now, if the same operation is applied to W and I&’ to give 
new groups A = (pO, ,.., pdP, ) and A^ = (PO, . . . . Pd.. , ), respectively, then 
bi H pi (i = 0, . . . . d - 1) defines a homomorphism of a onto A. Hence, if A 
and a are the groups of regular d-incidence-polytopes $3) and 9, respec- 
tively, then .Y is obtained from d by identifying faces. More generally, 
these considerations extend to situations where W is a homomorphic image 
of some other group to which the same operation ,U applies. 
As to the admissible choice of generators p, for A, there is the simple 
restriction that (pip;)’ = 1 if 1 i-j1 2 2. This cuts down many possibilities, 
but still is not sufficient for A to be the group of an incidence-polytope, 
unless A also satislies the intersection property (2), that is, A is a C-group. 
In the sequel, when an operation p is described, we do not assert in any 
case that the resulting group A has the intersection property. In fact, this 
property has to be checked in each case separately. 
Occasionally we shall apply our operations to groups W of regular 
incidence polytopes 3. Then we shall see that in some cases we may think 
of the new incidence polytope 9’ as some kind of skew polyhedron 
associated with 9. 
Many of our operations ,U on W can be “extended” to larger groups W’, 
with the B, among their generators ai. For example, if W’= (a;, . . . . a;- ,) 
is the group of a regular incidence-polytope 9 of dimension k 3 4, then the 
Petrie-operation (see Section 4.1.) 
applied to the subgroup W = (ok- 3, ckp >, ok _ , ) of W’ extends trivially 
to an operation ~1’ on w’ by setting 
p’: (ah, . ..) &,)H(U& ,..., a;-,,a; -1.0;-1, a;-z,ab-,)=:(Po,...,Pk-,I). 
This means that in describing an operation it suffices to consider only the 
“essential” part of it. On the other hand, in some instances, such extensions 
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can have interesting geometric interpretations. An example for this is our 
facetting operation of Section 4.2. 
We remark that the twisting operations discussed in [20,21] are not 
(mixing) operations in the above sense. Twisting operations also involve 
outer automorphisms of W permiting the oi, while mixing operations are 
defined by products of the cri only. 
4. OPERATIONS ON REGULAR MAPS 
In this section we discuss some (mixing) operations on regular maps, or 
more exactly, on the groups of regular maps. Note that in [ 161 the term 
“operation on maps” was used in a quite different sense. 
Throughout, let 9 be a (linite or infinite) regular map of type {p, q 1 on 
a surface and W:=A(Y)= (gO,ol, a?) its group, with co, v,,(T? the 
distinguished generators. We shall derive groups A = (pO, pI, p2) of 
regular maps Y by operations p on W, then we write B = 9”. A trivial 
example is the duality operation 
6: (a,, 01, a,)t-+(u*, 613 co) =: (PO, PI? Pz) 
leading to the dual 49” = Y* of 9. 
4.1. The Petrie Operation 7t 
Another well-known example is the Petrie operation defined by 
n: (co, fl1,u2)-(~0~2,~1,@2) =: (Po,P1,Prl 
Here, the group A : = (pO, pi, pz) is the group of a regular map 9” which 
is sometimes called the Petrie dual of Y. The reason is that rc has as its 
combinatorial counterpart the process of replacing all the 2-faces of 9’ by 
new 2-faces given by the various Petrie polygons of 8 (cf. [S, 141). In par- 
ticular, if $P is of type ( p, q}h, then Y” is of type (h, q}p. Note that z is 
involutory, that is, z-l = 7c and (LC)* = 9. If Y” is isomorphic to dip, then 
Y is called self-Petrie. The hemi-dodecahedron (5, 3}5 = (5, 3}/2 is an 
example of a self-Petrie map (cf. [8]). Further examples of self-Petrie maps 
are the maps dp” discussed in Section 4.4. 
4.2. The Facetting Operation (Pi 
For k = 1, . . . . [q/2] we define the facetting operation (Pi by 
(Pk: (00, 01, flZ)++ (GO, ~l(~#.l)k- ‘3 02) =: (PO. pl, PZ). 
Then, ~,cJ~= (aiaJ”. Hence, if (k, q)> 1, then in general the new group 
8 MULLEN AND SCHULTE 
A := (pO, pl, p2) is a proper subgroup of the old, but in the most 
interesting case where (k, q) = 1, the two groups coincide. In the former 
case, in general A will not be the group of a regular map, as can be seen 
for Y= {3,6),, and k=2. 
If (k, q) = 1, the (restricted) operation (aI, 02) ++ (p,, p2) corresponds to 
passing from a regular q-gon {q} to a regular star-q-gon {q/k >. This means 
that qn corresponds to substituting for the given vertex-figure of 2 another 
with the same vertices and group; to see that the vertices are preserved, 
note that the neighbouring vertices in Y of the base vertex F, in 4” are the 
transforms of a,(FO)=p,(F,) by the elements of (g,, oz) = (p,, p2) and 
thus remain neighbours of F0 in 9 := YVk. Here, it is worth remarking that 
instead of checking the intersection proper (2) for A it is easier to employ 
Wythoff’s construction for 9 with initial vertex F, (on the surface). Then 
the new map g is of type {p’, q) for some p’, but is in general on another 
surface. The l-skeleton of JY is the same as that of 9. Note that any k with 
k 6 [q/2] and (k, p) = 1 can actually occur as the “density” of the (q/k), 
From 
we see that the number p’ of sides in a 2-face of 9 equals the length of the 
k-chains of 2. More generally we have 
which relates the m-chains of 9 to the mk-chains of 6p, with +mk 
considered modulo q. 
For example, if dp = (3, 5 } = { 3,5 15 } is the icosahedron and k = 2, then 
9 is the Kepler-Poinsot polyhedron 15, z} which, as a map, is isomorphic 
to (5, 5 13) (cf. [4]). See also Coxeter [6, p. 981 for a discussion of metri- 
cal facetting of the Platonic solids. If Y is Coxeter’s map M, and 
1 ,< k ,< [q/2] with (k, q) = 1, then J? is an isomorphic copy of M,. 
In the general situation, if 1 6 k d [q/2] and (k, q) = 1, then the opera- 
tion (Pi can be reversed and 40; ’ = qk’, where k’ is uniquely defined by 
1 <k’ < [q/2] and kk’ = + 1 (mod q). Observe also that for any k the 
operations z and qk commute. 
We remark that the reciprocal operations 6~~6 (with 6 the duality 
operation) can be thought of as stellating operations, in agreement with the 
discussion in [S]. 
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4.3. The Halving Operation 9 
This operation applies only to regular maps Y of type (4, q}, q 2 3, 
turning them into regular maps 9 := Y of type (q, q}. We define q by 
The intersection property is easily checked for A := (pO, p, , p2). The effect 
of ye can be studied best by employing Wythoff’s construction. 
Consider the barycentric subdivision U(9) of 3, realized topologically 
on the underlying surface S (see Fig. 1). Let T be the triangular fundamen- 
tal region for A(9) in %‘(9) whose sides are the “reflecting lines” for the 
generators crO, CT), and U? ; the vertices of T are the “centres” of the faces 
in the base flag (F,, F, , F, f of 9, say PO = F,, F,, and pZ;, respectively. 
Further let T’ be the union of T and its reflexion image ao( 7’). 
Now, as 6p has quadrangular 2-faces, T’ has a “right” angle at E,. Then, 
A can be regarded as the subgroup of A(2) generated by the “reflexions” 
in the sides of T’. When we employ Wythoff’s construction for B with 
initial vertex E’,, we find that two cases are possible. 
First, let the l-skeleton of Y be bipartite; that is, all edge-circuits of Y 
have even length. Then 9 is a map on the same surface S with half as many 
vertices as 9, namely the vertices in the class of fi,,. Its group A has index 2 
in A(Y), with T’ as its fundamental region. Also, 9 is self-dual, since the 
conjugation by o,, is an automorphism of A = A(B) which interchanges pO 
and p2 but keeps p, fixed; this is an outer automorphism, since oO inter- 
changes the two kinds of vertices of 9’ and thus a0 cf A. Another way to see 
FIGURE 1 
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the self-duality is to derive a copy of the dual 9* of 9 by Wythoff’s con- 
struction with initial vertex a,(F,); this is clearly isomorphic to 9 and is 
the reflexion image a,(9) of 9. Observe also that the old group A(9) and 
its generators co, cr,, ez can be restored by a twisting operation from the 
new group A together with its generators pO, pi, pz and its outer 
automorphism go (cf. [20]). 
Second, assume that the l-skeleton of 9 is not bipartite. Unless y = 4, 
9 is a map on a different surface from 9. In any case, A = A (9) = A(9) 
and .9” has the same number of vertices as 9. Also, 9 is self-dual, though 
this time the conjugation by crO is an inner automorphism. 
For both possibilities we have 
This shows that, if .Z has Petrie polygons of length h, then the 2-chains of 
9 have length $h or h as h is even or odd, respectively. 
By these considerations, if 9 = {4,4 ),.,c = (4, 4}2c and thus h = 2c, then 
B={4,4(c}={4,4),.,,(cf.[8]).If~={4,4),~,,,then~={4,4}~,,;ifb 
is odd and dp = {4.4),,,, then 9’ = 9’. For Gordan’s map 9 = {4,5 I6 of 
genus 4 we have 9= 15,513) ( 2: (5, $}); see [S]. 
Note that the halving operation ye could be generalized to operations ylk,, 
on regular maps of type {2n, q}, with n = k + 1, by defining 
Then, yl,, , = q if n = 2. In any case, (pop2)2 = 1, but it seems that unless k, 
I, and q are chosen properly the structure of the new map is fairly com- 
plicated (if it exists at all). 
Concluding this section let us remark on an interesting connexion 
between the halving operation q and a particular twisting operation 
discussed in [21]. 
Let X be a regular 4-incidence-polytope of type { 4, q, 41, q 2 3, with 
group A(X) = (ro, . . . . t3). If r] is applied to both the facets and the vertex- 
figures of X, the operation 
gives us a new group U := (cpo, . . . . 40,). The involutions (pi satisfy the 
relations 
but in general other independent relations too. Also, the conjugation by the 
elements x0 and 5) of A(X) is an (inner or outer) automorphism of A 
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permuting the ‘pi. Hence U is a quotient of the infinite Coxeter group with 
the symmetrical diagram 
(7) 
(cf. [7]), and the factorization is such that it respects the two indicated 
reflexions of the diagram; we shall simply say that U belongs to (7). 
Now, the discussion of [21] covers, in a sense, the inverse process. 
Given a group U which belongs to (7), then in suitable cases a regular 
4-incidence-polytope X of type (4, q, 4) can be constructed from U by 
adjoining to U the two outer automorphisms corresponding to the two 
indicated reflexions of (7). In [21] this was used to construct from the 






(cf. [S, 271) an infinite series of regular 4-incidence-polytopes X of type 
{4,3,4), whose group is a semidirect product of U by C2 x CZ, of order 
9613. 
4.4. The Skewing Operation CJ 
Skewing, or skew halving, as it perhaps should be called, is remotely 
related to halving. It applies only to regular maps 9’ of type {p, 4) and is 
defined by 
0: (a,5 01, a,)-(c,, c70027 (cla2)2) =: (PO? Pl? P2). 
The relationship with halving is given by 
u = 7rSycb; 
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in fact, because of (a, a2)4 = 1 we have 
(a,, 01, 02) y (a,f-J,, 013 0,) y (02, gl> ooaz) 
y-+ (cJ2cJ1~2, @ocJ23 0,) 
as required. This indicates also that 0 halves the order of the group just 
when q does (modulo the double application of rcs), that is, if and only if 
the i-skeleton of LZ”& is bipartite. If this is the case, then o2 is not in the 
group A = (p,, p, , p2) but operates on A as an outer automorphism. In 
any case, the new map 9’= 9” is self-Petrie (that is, 9’* 2: Y), since the 
corresponding groups are conjugate by g2. 
The type {s, t } of g is determined by the periods of 
and 
Hence, s is the length of the Petrie polygons of Y and t is the length of the 
2-chains of 9. 
As in the case of halving, the skewing operation o admits a generaliza- 
tion ok., for maps of type {p, 2n}, with k+ I = n. This is defined by 
so that ,r,., = (T if n = 2. If ok,, defines a new map 9, of type (r, s] (say), 
then s is the length of the n-chains and r the length of the I-zigzags of 4”. 
(Just as popi(p2p, )‘- ’ takes the jth exit from a vertex preserving local 
sense, giving a j-chain, so po(pip2)’ takes the jth exit from a vertex 
reversing local sense at each stage, giving a j-zigzag. This generalizes the 
Petrie polygon which corresponds to the case j = 1.) 
4.5. Infinite Regular Polytopes in E3 
As an illustration of the various techniques we have discussed, let us con- 
sider the relationships between the infinite regular polytopes of dimension 
3 in lE3 which were described by Coxeter [4], Griinbaum [14], and 
Dress [12]. Half of them are derived from the plane regular tessellations 
(3, 6}, (4, 4}, and (6, 3) and their Petrie duals, by blending (see Sec- 
tion 5) with a line segment or the ordinary apeirogon {cc} in [El, which is 
why the families depend (up to similarity) on a parameter. 
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The remaining 12 are all related, as Fig. 2 indicates. (The notation used 
is that due to Griinbaum [14], to which we refer the reader for details. We 
take the opportunity to correct a small error of notation in the lists of 
[14, 121, which have (cc 2n’3, 2n’3, 4”‘3/1 } instead of { coZn”, 2n’3, 4”‘/1 }.) 
In an analogous way, the skew polyhedra { 4,6 I 3) and { 4,s I 3) of [4] 
are the starting points for families in iE4 containing 7 and 26 members, 
respectively; in the latter case, the 26 fall into 13 pairs of isomorphic but 
not similar polyhedra. 
5. THE BLENDING OPERATION b 
We begin our discussion on operations on groups with more than three 
generators with an operation ,!I we call blending. The geometric version of 
this operation plays a key role in the study of geometrical realizations of 
incidence-polytopes (cf. [ 193 ). 
Though blending could be defined in a more general setting we shall 
restrict ourselves to the case where the (blending) components are groups 
of regular incidence-polytopes. Then, when interpreted geometrically, blen- 
ding essentially amounts to the following procedure: take n regular 
polytopes in n mutually orthogonal subspaces of euclidean space, or more 
exactly, their groups, the components; extend all the components in the 
trivial way to isometry groups of the whole space; then define the new 
group by taking as generators the products of corresponding generators of 
the components (cf. [19]). 
To cover a slightly more general situation we also allow the components 
to be shifted in the following sense. Let S’ be a regular d-incidence- 
polytope with group A(P) = ( zO, . . . . zdP, ), where zO, . . . . rd-, are the 
distinguished generators. Further, let k be a non-negative integer. Define 
(r,:=l ifOdi<k-I, a,:=r,_k if k d i f d - 1 + k, and, for purely techni- 
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cal reasons, oi:= 1 if i>d+k. Then, A(Z)= (aili30), and {a,liaO} is 
the distinguished system of generators for A (2) if A(Y) is interpreted as 
the group of the partially ordered set 3” obtained from 9 by shifting the 
rank function of 3 by k and then adjoining to 9 a single i-face for each 
i with - 1~ i < k - 1 or i > d+ k. We shall call .Pk the k-shift of 9. 
Now, let Y1;, . . . . Yn be regular incidence-polytopes and let k,, . . . . k, be 
non-negative integers une of which is 0. Assume that g is of dimension d, 
and that the group of the k,-shift Yk/ is given by A(+!.?:/)= 
(a,,Ji>O)=A(q), forj= 1, . . . . n. Define 
W:=A(Y,)x .‘.XA(Lg, 
the direct product of these groups. We again write cp for the element 
41, ..*, 1, VP, 1, . ..1 1) of IV, whose jth component is the element cp of A(q). 
As generators of the new group A we take the elements 
pi := cTlrcJ2i. . . . . Bni (i>O) 
of W. Then, pf = 1 for each i, and pi = 1 if and only if 
i > d := max(dj + kj ( j = 1, . . . . n). The corresponding blending operation 
/3 = B(k,, . . . . k,) is defined by 
/?: (ojilj= 1, . . . . n;i>O)t--+(p,, . . . . pdP,). 
If A = (p,,, . . . . pdP, ) is the group of a regular d-incidence-polytope 9 and 
p,,, . . . . pd- i the distinguished system of generators, then B is called a blend 
or, more exactly, the (k,, . . . . k,)-blend of Y1, . . . . 9” and is denoted by 
P=Yl;’ #91;2# ..’ #L+. 
The shifts Pfl, . . . . 2?tn are the components of 9. Here, if kj = 0, we suppress 
the upper index and write 3 instead of 37. Observe that, for any regular 
9, the blend 3’ # 9 # . . . # 9 of n copies of Y is again isomorphic to 
9. More generally, 9i #YZ N Yi if Z1 collapses onto YZ (that is, if Y1 is 
obtained from Pi by identifications). Let us consider some specific cases. 
Let n = 2, k, = k, = 0, and V, and Vz be the vertex sets of 9, and &, 
respectively. Assume that all the faces of 9, and 5$ are uniquely deter- 
mined by their vertices, so that Yi and Y1 can be regarded as subcom- 
plexes of the power sets of I’, and V2. Then, if B = 9, # YZ exists, it 
can be realized as a subcomplex of the power set of V, x Vz by suitably 
applying Wythoff’s construction, with initial vertex the pair of vertices in 
the base flags of 9, and dip, respectively. For example, if Z1 = { p1 } and 
92 = (p2}, then 9, # YZ = {p}, where p is the lowest common multiple of 
p1 and p2. 
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Let n = 2, k, = 0, k, = 1, and let S1 and g1 be of the same dimension 
d, = d, = d, say. Further assume that the vertex-figures of 9, are 
isomorphic to the facets of 6p2, say isomorphic to the (d - l)-incidence- 
polytope X. It was proved in [26, Theorem 21 that 9 = g1 # Y”: is a 
regular (d + 1 )-incidence-polytope with facets isomorphic to Sp and vertex- 
figures isomorphic to P’Z provided 9, and ZZ have an additional property 
with respect to X, in [26] called the degenerate amalgamation property. 
(In particular, pI =pl(Z1) and pd=pdP ,(&) must be even.) In this case 9 
has the remarkable property of being combinatorially flat, meaning that 
each vertex is incident with each facet. For example, if 9, = { 6,3 }r.c 
(cf. [8]) and PZ= {3,4}, then B is a member of ((6, 3},;,., {3,4}), with 
only 6c2 vertices and 8 facets. 
In the general situation, it seems to be difticult to decide whether or not 
a given regular incidence-polytope 9 is a (non-trivial) blend. Here, the 
following two problems are of particular interest. Given 9, what can be 
said about the possible decompositions of J?’ as a (0, 0, . . . . 0)-blend of 
regular incidence-polytopes of the same or different dimensions? Is it 
possible to characterize the unblended regular incidence-polytopes? For 
geometrical blending and finite polytopes, the solutions for these problems 
have been obtained in [ 19). 
Of particular interest in this context is the regular d-incidence-polytope 
obtained from twisting the group with diagram 
(cf. [21]). Combinatorially, the result is c~i # CQ (with CQ the k-simplex). 
But this has a pure faithful realization in IEd; here “pure” means that it is 
not a non-trivial geometrical blend. Among other things, this tells us that 
combinatorial and geometric blending are different concepts: a 
combinatorial blend need not be a geometrical blend. 
6. OPERATIONS ON HIGHERDIMENSIONAL INCIDENCE-P• LYTOPES 
Given a regular m-incidence-polytope S!, with group W : = A(g) = 
(6 6 0, . . . . m ~ i ), there is a natural way of constructing operations on W. In 
fact, as generators pi for the new group A we can take elements of the form 
pj:= n 0; (j = 0, . . . . d - 1 ), (8) 
1 E I, 
582ai53,b2 
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where the non-empty subsets I,,, . . . . Id-, of { 0, . . . . m - 1) are chosen subject 
to the following restrictions: for all j, if i,, i, E Z,, then 1 i, - i,l 2 2; if 
/jr-j,132, ir~Z,,, and i,EZ,?, then )i,-iz)a2; forj=O,...,d-2 there 
exists an i in Zj such that i - 1 or i + 1 is in I,+, . Here, the first condition 
implies p,f = 1 (but pi# 1 ), the second, pi,pi, = pi,pj,, and the third, 
P,Pj+I#P,+lPj in all non-trivial cases. Then, the corresponding operation 
is given by 
p: (00, -.., urn- I ) I-+ (PO, ...9 Pd- I ), 
We shall restrict ourselves to some particularly interesting cases. 
Among the various possibilities for choices of the Z, the following opera- 
tions cx of taking suitable products of alternating generators are suggested 
by the kind of relations derived from Petrie polygons. 
Let -1 :=m_, <m,<m, < ... <m,-, <m,:=m- 1 with ml--m.,-, 
odd (Z= 1, . . . . d- 1). Forj=O, . . . . d- 1 define 
Zj:= {i/m-, <i<mj+, and izmi(mod2)} (9) 
and p, by (8). Here, possibly Z, is empty, in which case p,, = 1; in this case 
we simply omit the generator. These subsets Z, have the properties men- 
tioned above, By construction, for j= 1, . . . . d- 1, the period pj of pip ,pj is 
the length Zz, or twice this length of the Petrie polygons of a suitable section 
of di”, the value depending on the parity of h, and the differences m,, , -m, 
and rn- 1 - mjp2. 
Of particular interest is the case d= 3. Though many of the following 
considerations extend to more general situations, we shall mainly discuss 
the construction of regular maps from 4-incidence-polytopes 9. 
6.1. The Regular Skew Polyhedra of 4-Zncidence-Polytopes 
Let 2 be a regular 4-incidence-polytope with group W= A(Y) = 
(0 0, . . . . rr3 ), so that m = 4. 
We begin by discussing the case mO := - 1, m, := 2, and mz := 3 = m - 1. 
The corresponding operation p is given by 
p: (go, . . . . a,)+-+(g,, @002> 03) =: (PO, PI, P2). (10) 
As we shall see below, the new group A = (po, p,, p2) is in fact the group 
of a regular map B = 8p. If 5? is of type (p, q, r}, and if the Petrie- 
polygons of its facets have length t, then 9 is of type (t, r} or (t, 2r) as 
r is even or odd, respectively. Also, the Petrie polygons of 9 and 9 have 
the same length. Furthermore, from 
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we deduce that for even j the j-chains of 9 and of the vertex-figures Jz’ of 
9 have the same length. 
To illustrate the operation p (and to prove the existence of 9’) let us 
apply again the combinatorial version of Wythoff’s construction. Take the 
barycentric subdivision S’(Y) of Y and pick as the initial vertex G, the 
barycentre of the edge in the base flag of 9; note that G,, is invariant under 
p, and pz but not under p,,. Then, if Wythoff’s construction is applied to 
A and G,, we obtain a model of 9. The incidence-polytope 9 “splits” into 
several copies of 8, each an image of 9 under an automorphism of Y; 
these copies are in one-to-one correspondence with the left cosets of A in 
A(Y). 
This system of copies of 9 can equally well be described as follows; in 
particular, this will show that we can reasonably think of 9 as a “skew 
(star-) polyhedon” belonging to S?. In fact, when applied to a classical 
regular 4-polytope the operation gives a regular skew star-polyhedron in 
the sense of Coxeter [4, p. 1021. For example, if 9 = (4, 3, 3) is the 
4-cube, then B is Coxeter’s map { 6, 6 ( 3,4}, whose hexagonal 2-faces are 
the equatorial hexagons of all the bounding cuboctahedra of the truncated 
4-cube t,{4, 3, 3). 
Now, to get the system consider all the edges of 9’ and pick as new “ver- 
tices” the barycentres of all the edges. Take all the Petrie polygons of all 
the facets of Y and replace any such Petrie polygon n by a new polygon, 
with vertices the barycentres of the edges in I7 and with edges connecting 
the barycentres of consecutive edges in Z7. These new polygons give the 
2-faces of the maps in the system, and any two such maps are disjoint 
except for vertices. Now, two cases can occur. 
Let Y be odd. Then, going around a vertex in one of the maps 
corresponds to going around the corresponding edge in 9 twice, in agree- 
ment with the fact that B is of type { t, 2r ). This follows also from 
which further implies A = A(Y). Hence, the system consists of a single 
copy of 8. 
Let r be even. Then any new vertex is at the same time a vertex of two 
maps in the system, one a reflexion image of the other. In fact, going 
around the vertex corresponds to going around the respective edge in 9 
just once, in agreement with the fact that 9 is of type { t, r ). Note that the 
two maps might well coincide, in which case the new vertex becomes a 
doubly counted vertex of the (single) map. However, this can happen if and 
only if there is an element $ in A which fixes the edge in the base flag of 9 
butisnotin (pI,pz), thatis,ifandonlyifAn (a,,a,,o,)# (cr,.a,, Ok). 
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Since r is even, and thus ((TV+, a3) N D, is a subgroup of ( CJ~, 02, c3) N 
C2 x D, of index 2, this is equivalent to (a,, CT*, a3) c A and thus to 
A = A(Y). Hence, if for one new vertex the two maps are the same, then 
there is only one map in the system and this counts any new vertex twice; 
further, A = A(Y). In all the other cases A is a proper subgroup of A(Y), 
whose index gives the number of maps in the system. For example, if 
L? = { 3, 3,4} is the 4-crosspolytope, then we get 3 copies of toroidal maps 
.Y'= {4,414) = {4,4),, (cf. C81). 
These geometrical considerations are supported by the fact that A indeed 
has the intersection property with respect to the p,. This can be seen as 
follows. We trivially have 
003 P1)f-J (PI? P2> 
= <a,, aooz> l-l <o,Q*, 03) c (a,, CJl? 02) n (a,, 029 03) 
= (a,, 02) N c, x Cl. 
Hence, if (p,, pi) n (p,, pz) # (p,) = (a,~,), then necessarily 
(CJO? 013 a2> = (a,, fJofl2>, (12) 
which is the group of the facets JV of Y. But this is impossible, since the 
right side of (12) is the group of a Petrie polygon of JV, of order twice 
the number of vertices of JV. This proves (pO, pi) n (p,, p2) = (p,). 
The remaining cases are trivial. 
Observe that for odd r the old generators of A = A(Y) can be recovered 
from the new generators by the inverse operation 
P-l: (PO, PI> P*)H ((P,PZY? PO? (PlPJPl, Pz)= (a09 ...9 03). 
This allows us to transform any presentation for A(Y) in terms of the ~~ 
into one for A(B) = A(Y) in terms of the pi. For example, if LZ = {p, q, r} 
is universal and thus A(Z) the Coxeter group [p, q, r], then the new map 
9 has the same group but with the presentation 
d=d=d= (PoP212= (PlP212’= ((PlP2YPo)p= (Po(P1P2)rPI)y= 1. 
(13) 
Note that also for even r this map is universal among all maps derived by 
operation p from any regular 4-incidence-polytope of type {p, q, r}. 
Except for the trivial operations (cro, . . . . g3) H (a,, g,, aZ) and 
(c 0, ‘.., c3) H (a,, g2, 03) the above operation ,U is the only operation on 
LZ’ with index sets Zj as in (9). However, there are other possibilities of 
choosing the Zj, for example the “dual” operation 
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This operation has the effect of first applying a Petrie operation to the 
vertex-figures of 2’ (trivially extended to the fourth generator), and then 
passing from the resulting 4-incidence-polytope to its facet. The result is a 
regular map B. Again, this can be realized in the barycentric subdivision 
%?(2’) of 2? by applying Wythoffs construction to A = (pO, pl, pZ) with 
initial vertex the vertex in the base flag of 9. So, in a sense, we can again 
think of Y as a skew polyhedron related to 9. As an example, if 
Y = (4, 3,4} is the cubical tessellation of euclidean 3-space E3, then 
LY = {4,6 14) is one of the Petrie-Coxeter polyhedra in lE3 (cf. [4]). 
Similar considerations apply also to other operations on 9, giving 
further classes of skew polyhedra. In particular, this holds for operations 
on Y built on the operations of Section 4. 
Clearly, there is no need to restrict the discussion to 4-dimensional 2 
(and 3-dimensional 9). For example, if m=dim(Y)>,5 and A(Y)= 
<a 0, ..‘, a m ~, ), then the operation 
v: (uo, . . . . um--l)~(um-3a.m~5am.-7’..., um-2ump4um-6’..., a,,-,) 
=: (PO3 PI? P2) 
is a generalization of p and gives us a regular map ?J = 2”‘. Here, if 
Wythoff’s construction is applied to g(Y) and A, we can take as the initial 
vertex the barycentre of the face {F,,-,, F,,,-s, F,,-,, . ..} of %?(2) (where 
{F- 1, F,,, . . . . F,) is the base flag of Y), but there are other choices too. 
For example, let Y = (3” -?, 4) be the m-crosspolytope and hence 
Y* = (4, 3mp2} the m-cube. Then, applying to A(Z*)= (z,, . . . . T,,~,) the 
operation 
v* : (70, . ..) t,- 1) I-+ (To, T,T3 . . . . t2’54 * . ..) 
gives us the dual g* of 9 = 2”‘. Now, realizing the generators Q, . . . . z,_. , 
by the euclidean reflexions 
50: r, tf -51, 
z, : t j  ++tj+l (j= 1, . . . . m- 1) 
in IE”, we find that the point x := (1, 1, . . . . 1) is invariant under rl, . . . . t, _ 1. 
Hence, applying Wythoff’s construction to A(P*) with initial vertex x 
yields a realization of 9*, which is exactly the realization of Coxeter’s map 
Mm = { 4, m 1 4c”‘/21 - ’ } de scribed in [4, p. 1001. By the above considerations 
there is also a realization of Mz = 9 = Y in E” (cf. [ 191). 
Another possible generalization of p is 
‘uk-5ukp3uk-,, . . . ‘ak~4~k-2~k~k+2~kt4...., gk+lak+3flk+5.-.) 
=: (PO> PI, P2)3 
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with 1 <k<m-2; then v,,-2=v. For Wythoff’s construction we can take 
the barycentre of the face {..., Fke5, Fke3, I;,-,} of F(Y), but again there 
are other possible choices. For example, if 2 = (4, 3m-3, 4) is the cubical 
tessellation in I!“- ’ (m 3 4), then the resulting map 9 = pvk is of type 
(W-t 1),2(m-k)) and is infinite. Again, 9 and its dual ,!Y* admit 
realizations in E”’ - ’ (or occasionally in IE” ~ *). 
6.2. Some Skew Polyhedra Derived from 4-Incidence-Polytopes 
In this section we discuss some interesting examples of regular maps 
9 = dp”, with Y a regular 4-incidence-polytope of type { p, q, r} and p as 
in (10). 
(a) First, let us consider the case where Y is a classical regular 
convex polytope or star-polytope in euclidean 4-space E4 and {p, q, r} is its 
combinatorial type (cf. [6, 181). Here the 4-crosspolytope Y = (3, 3,4} is 
the only instance with r even. As mentioned in Section 6.1, in this case 9 
is the toroidal map (4,4)+ 0 and 2 splits into three copies of 9’. In the 
remaining cases r is 3 or 5, and there is only one copy of .Y’, with the same 
group as Y. Then L? is of type {I, 2r), with t the length of the Petrie 
polygons of the facets of 2. 
If Y= (3, 3, 31, then 9 is of type {4,6} with A(Y)- S,; the map 
(4, 6},-, with group C, x S,, is a two-fold covering of +Y (cf. [S]). From the 
polytopes L? = { 4, 3, 3 ), { 3,4, 3 }, { 3, 3, 5 }, and { 5, 3, 3 }, respectively, we 
derive maps 9 of type (6, 6}, (6, 6}, (4, lo}, and { 10, 6}, with 32, 96, 720, 
and 1200 vertices. The former map of type 16, 6) is Coxeter’s (6, 6 I 3,4 } 
(cf. [4, p. 101 J). As the regular convex 4-polytope with Schlgfli-symbol 
(p, q, r) is the universal {p, q, r) (cf. [6, 25]), we observe that in all these 
cases (with r odd) the relations (13) give a presentation for A(Y) in terms 
of pO, p,, and p2. Also, when d% is considered as a geometric polytope, 
with a geometric barycentric subdivision g(Y), then the model of 
B described in Section 6.1 is a realization of 9 in the sense of [ 191. 
Observing that the midpoints of the edges in a Petrie polygon of a Platonic 
solid lie in a plane, we see that 9 has planar 2-faces bounding a convex 
t-gon. When thinking of these r-gons as the 2-faces of 9, we obtain a 
polyhedron P with convex faces in E4. However, P has many self-inter- 
sections, arising from the fact that each edge of a Platonic solid lies in 
precisely two Petrie polygons. This is why Coxeter [4, p. 1021 called these 
generalized Kepler-Poinsot polyhedra regular skew star polyhedra in E4. 
Note that we can suitably project these starpolyhedra into 3-space to get 
highly symmetric 3-dimensional analogues of the classical Kepler-Poinsot 
polyhedra. For example, from { 3, 3, 5 i and {S, 3, 3 1 we obtain Kepler- 
Poinsot-type polyhedra with icosahedral symmetry other than the classical 
examples (cf. [23] ). 
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The situation is similar for the ten regular star polytopes in E4. Figure 3 
is taken from [6, p. 2661 and indicates isomorphism and duality relations 
between these star polytopes and the polytopes 13, 3, 5) and (5, 3, 3): 
isomorphic polytopes are diametrically opposite to each other (and are 
given by interchanging 5 and $), while reciprocal polytopes are joined by 
horizontal lines. (See also Table 2 in [ 181.) 
Considering just isomorphism classes of corresponding regular maps J? 
we find that there are only four further maps. They are derived from 
1% ;, 5}, {3, 5, ;,, 
{lo,-lo}, { 10, lo}, 
{ 5, 3, f}, and (5, 5, 3}, and are of type (6, lo}, 
and (6, 6}, respectively. The first three maps have 720 
vertices each, the last map has 1200 vertices. These maps are different from 
each other and from the maps constructed from the regular convex 
polytopes. This is either trivial from the group order or follows by 
comparing the length of Petrie polygons or 2-chains. For example, the 
length of the Petrie polygons of the two maps of type { 10, 10) is the same 
as the length of the Petrie polygons of the corresponding star polytope, but 
this is 20 or 12, respectively (cf. [6, p. 2941). Similar arguments (in fact, the 
same for the two maps of type { 10, 10)) show that no two of this total of 
8 maps can be duals of each other. 
Again, as in the case of the regular convex polytopes, we can obtain 
realizations of 9 in E4 with planar 2-faces. However, this time the 
geometrical shape of the resulting star polyhedron depends essentially on 
which representative of an isomorphism class of regular polytopes or star 
polytopes has been chosen for Y. For example, from 2 = {$, 3, 3) we get 
FIGURE 3 
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a star polyhedron with star-gons (y} as 2-faces, while the star polyhedron 
derived from JZ = { $3, 3) has convex lo-gons as 2-faces. Again, these star 
polyhedra can be suitably projected down into lE3 to give Kepler-Poinsot- 
type polyhedra with icosahedral symmetry. 
Concluding the discussion on the classical regular polytopes in lE4 we 
point out that it would be very desirable to have a complete classification 
of “all” the regular skew polyhedra related to these polytopes, both in the 
combinatorial and geometrical sense. It seems that such an enumeration 
has to be along the lines of this paper and of [22]. 
(b) As a further application we shall determine the regular skew 
polyhedra 9 = 5?p for the duals .Y of the regular 4-incidence-polytopes 2”, 
with X a regular map. These incidence-polytopes 2X were originally found 
by Danzer [9], but see also [20] for a more detailed discussion. We briefly 
recall the construction. 
Let X be a finite regular (m - 1)-incidence-polytope which is a lattice 
(m >2), and let V= (0, 1, . . . . u - 1 } (say) denote its vertex set. Write 
p := { - 1, 1)” for the vertex set of the v-cube in euclidean space E”. As 
j-faces (j= 0, . . . . m) of 2X we take, for any (j- 1)-face F of X and any 
a := (a,, . ..) a,-, ) in p, the subsets F(a) of p defined by 
F(a) := {(b,, . . . . b,- 1 )I bi = ai for any i which is not a vertex of F}, 
or, by an abuse of notation, 
Then, if F, F’ are faces of X and a, a’ elements of p, we have F(u) c F’(u’) 
if and only if F< F’ and ui = ai for every i with i < F’. In particular, 2” 
is a regular m-incidence-polytope which is a lattice and is of type 
{ 4, Pl > . . . . pmP2} if X is of type {pl,..., pm-*}. The group A(2X) is the 
wreath-product C, <A(X), with A(X) acting naturally on V. As an 
example, for any kZ 3 we have Mk = 21kJ, with group Cz \ D, of order 
2k.2k (cf. [lS]). 
Now let X be a regular map, that is, m = 4. To describe the generators 
o,,, . . . . o3 of ,4(2X), let the base flag {G,, G,, G,} of X be chosen such that 
G, = 0 and 0, 1 are the vertices of Gi. Representing the rri as permutations 
on the vertex set p of 2X-, we find that go is given by 
o,((u,,...,u,~,))=(--a”,u,,...,u,.-,) for (a,, . . . . u”+~)E ti, (14) 
while cl, IS*, and cr3, respectively, do not involve a change of signs but just 
permute the components of (a,, . . . . a,- i) according to the effect of the 
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distinguished generators rO, r r, t2 (say) of A(X) on the vertices 0, . . . . u- 1 
of X-. 
Now, applying operation p to the dual 9 of 2X, we observe that the 
generators pO, pl, and p2 of the group A of the regular skew polyhedron 
9 = 2?@ are given by 
Hence, 9 is of type {t, 4}, where t is the length of the Petrie polygons of 
9”. Suppose that the vertices of X are labelled in such a way that 
0, I, 2, . ..) t - 1 are consecutive vertices in the Petrie polygon of X defined 
by the base flag {G,, G1, G2). Then p0 and p1 permute 0, 1, . . . . t - 1 among 
themselves; in particular, prp,, corresponds to the cyclic permutation 
(0 1 2 . . . t - 2 t - 1). This implies that the “restriction” A’ of A to { - 1, 1)’ 
(or more precisely, to the first t components of the vectors in P) is the 
wreath-product C2 \ D,, with D, acting on 0, 1, . . . . t - 1 as usual. But A’ is 
isomorphic to A; in fact, if $EA, then IC/=(~P~P*(P;‘).....((P~P*(P~‘).~ 
with cp 1, . . . . (Pi, cp E (pO, p1 ), giving at most 2’ .2t elements $. 
All these considerations imply that, if X is a finite regular map which is 
a lattice and has Petrie polygons of length t, then the regular skew 
polyhedron 9 = Yp of the dual 9 of 2” is the dual of Coxeter’s map 
M, = 2{‘); that is, ((2X )*)” = (2{‘))* or, equivalently, (2X-)b” = (2(“)“. 
As an example, if X= {3,5), is the hemi-icosahedron, then 2” = 
{{4,3}, {3,5},} (cf. C2, 201), ,4p={{5,3j5,{3,4)}, and .Y=MMT={5,414} 
(of genus 5). Similarly, if X is the toroidal map {4,4},,,, then 2jy = 
{{4y4)+o, {4,4)3.0}, y= {(4,4)3.0, i4,4},o], andP={4,614,4}* (of 
genus 17). 
(c) Our last application of the operation p illustrates for Coxeter’s 
maps Mp the interaction of ~1 with a specific twisting operation K in the 
sense of [20,22]; see the diagram (24) at the end of this section. Here we 
shall follow the discussion in [22]. We begin by recalling some facts about 
twisting operations. 
Let 9 be a self-dual regular 4-incidence-polytope of type (p, q, p} with 
group A(Y) = (a,, . . . . a3). There is a unique polarity z (duality of order 
2) which keeps the base flag @ fixed and so interchanges the i-faces and 
(3 - i)-faces of 9; then 
tfJ;t=CJ-; (i = 0, . ..) 3), (15) 
so that t induces an outer automorphism of A(Z) permuting the basic 
generators. Further, the extended group D(Y) of 9 is generated by 
co, . . . . (TV and r, and hence is a semi-direct product of A(Y) by C,. 
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Now a twisting operation K on dp (or on A(2)) is obtained by choosing 
as generators for the new group A = (p,, p,, pz) the elements 
PO := 00, p, :=5, p2 := 02 (16) 
of D(p); for short, 
K: (a,, . . . . 03; T)  I--+ (a,, f, 0.2) =: (PO, PI? P2). (17) 
Note that this is not a (mixing) operation in the sense of this paper. Then, 
by (15), we have A = D(Y). The most important point is that A is the 
group of a regular map Jf = 2’ of type (4,2q}, with p,,, pl, p2 the dis- 
tinguished generators of A = A(Jlr ). In terms of po, pz, p2 the standard 
relations (1) and (15) for A = D(Y) take the form 
P~=P:=P:=(PoPr)4=(PlP2)2Y=(POP2)2=1~ (18) 
(POPlP2PlY = 1. (19) 
In general these relations do not s&ice for a presentation. However, if 
LY = ( p, q, p 3 is universal, then (18), (19) gives a presentation for A, and 
hence ,,V = (4, iq Ip}. For example, if .Y = (4, 3,4} is the cubical tessella- 
tion in E3, then JV is the Petrie-Coxeter polyhedron (4, 6) 4) (cf. [4]). In 
the general situation we shall refer to JV” as the Petrie-Caxeter polyhedron 
of 2 (cf. [22]). 
One of the most interesting properties of these Petrie-Coxeter polyhedra 
is that Y can be recovered from M; in fact, by (15) and (16), we have the 
inverse operation 
K -l :(Po,Pl,P2)~(Po~PIP2PI,P2,PIPoPI~P1)=:(~o,~l~~z~~3~~). (20) 
As an interesting byproduct, (20) also gives a method for constructing 
from suitable regular maps JV of type { 4, 2qj a self-dual regular 
4-incidence-polytope dip with Petrie-Coxeter polyhedron .fl. In [22] this 
was discussed in some detail for Coxeter’s map JV = M,, = (4, 2ql 4y-‘}. 
Here the resulting LZ’= pq is of type (4, q, 4}, with a group of order 
22q. 2q = $1 A(M,,)j and with 2y facets and 2y vertex-figures isomorphic to 
M, and M:, respectively. Further, 6”, is combinatorially flat, meaning as 
above that each vertex is incident with each facet. 
Consider the group of M,, with k> 3. Since Mk =2(kJ we have a 
representation of A(M,) = C2 2 D, on V= { - 1, 1 }” as in Section (b), with 
three generators only, denoted again by po, pr , and p2. The pi can be 
chosen such that 
Po((Uo, ...f ak~,))=(-aO,a,,...,ak-,), 
Pl((QO, . . .T  uk~I~~=~a,~a0,uk-,,...,~2~, 
&,((uO, . . . . uk- 1)) = (a,, ak ,, . . . . al) 
(21) 
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for (a,, . . . . ak- ,) E ?? We easily find that pOplpz has period 2k, implying 
that M, has Petrie polygons of length 2k. The involution elk := (P~P~P~)~ 
is the central reflexion on p and generates the centre of A( Mk). We remark 
that the elliptic contraction Mk/2 is a self-Petrie map in the sense of 
Section 4.1. However, except for k = 2q, 
the map h4,,/2 is not the Petrie-Coxeter polyhedron of a self-dual regular 
4-incidence-polytope, since the respective generators defined by (20) do not 
have the intersection property (2). 
Now, to determine the structure of the skew polyhedron .?$* := 9: of Zq 
we rewrite, for k = 2q, the vectors a in P in the form a = (a’, a”) with 
a’ := (a,, ax, . . . . azqpz) and a” := (a,, a3, . . . . a2ypl). Then, by (lo), (20), 
and (21), the basic generators TV, r,, ~~ (say) of A(Pv) are given by 
z,((a’, a”)) = ((4, a,, azq -2, . . . . a,), (a,, azq- I, . . . . a,)), 
~,((a’, a”))= ((-ao5 a24-2, . . . . a,), (azqel, . . . . a,)), 
~~((a’, a”)) = ((ao, a,, . . . . a,,-,), (-a,, a3, . . . . azy- L)) 
(22) 
for (a’, a”) E I? Note that (by an obvious abuse of notation) 
t;((a’, a”)) = (zi(a’), T,(a”)) for all i and (a’, a”). This way A(9$,) becomes a 
subgroup of the direct product (C, 2 Dy) x (C, 2 D,), with the two factors 
acting on the even or odd components, respectively. In terms of the basic 
generators tpO, ‘p,, ‘pz and qGo, +!I~, $2 of these factors (given by (21)) we 
can write 
The projection of A(pq) onto the second factor C, 2 D, is obviously surjec- 
tive, since all conjugates of +/I~, 11/r, $2 by I,$~ are involved. On the other 
hand, y q := (~~7,)~ = ((cp,~p~(p~)~, 1) = (((po’p,q9#, 1) is a central involu- 
tion of A(gq), for which the projection of A(Pf)/(y,) onto the second 
factor C2 l D, is in fact an isomorphism; this can either be seen directly or 
by checking the relations (5) (with rj = 4) for the images of zo, 7 r, r2 under 
the projection (but with the roles of ~~ and 72 interchanged). It is easy to 
see that the centre of A(Pq) is generated by yq and 
26 MULLENANDSCHULTE 
All these considerations imply that the contraction cy of .Pq induced by 
y4 gives a map isomorphic to MY*. Note that cq halves the order of A(Pq) 
(which is 2 g+l .2q) and chang es the type {2q, 4) of Yq to the type {q, 4) 
of A44*. 
The situation is summarized by the following diagram involving p, 
K-‘, cy and the duality operation 6: 
(24) 
Now, if q is even, the diagram can be extended to the right until we finally 
reach a map M, with I odd and I) q. Clearly there is also an ‘infinite exten- 
sion to the left connecting M2q with MZk, Yk, Pk and A4X for k = 2”q, n > 2. 
7. NON-LINEAR DIAGRAMS 
Let us also give some examples of mixing applied to Coxeter groups with 
non-linear diagrams. While these do not in fact yield new groups (but 
rather new realizations of old ones), they are of interest in explaining 
various connexions between polytopes of different dimensions. (Such 
connexions have been pointed out by, for example, Coxeter [7]; Monson 
[24] has independently made observations very similar to ours, and has 
discussed their geometric significance.) 
We begin with the group E, = [34,2,1]; its generators go, . . . . cr, are 
indicated on the Coxeter diagram 
(cf. [6]). We generate a subgroup by mixing these generators in pairs: 
(Q 0, . ..> 0,) H (~0~6, 0165, c204, 0.307) =: (PO, ..., p3). 
Then (pO, . . . . p3) g [3,3, 51. Among the various ways of applying 
Wythoffs construction, one leads to an isomorphic copy of {3,3,5) with 
half the 240 vertices of the Gosset polytope 4,, (see [6, p. 200]), and this 
projects onto orthogonal 4-dimensional subspaces of Es to give (3,3,5 > 
itself and (3, 3, s}. 
The subgroup (pl, pz, p3) 2 [3, 51 similarly derives { 3, 5 > and { 3, $} 
from the 6-cross-polytope { 3, 3, 3, 3, 4). Related constructions applied to 
the infinite groups T, = [3 2,2*2] and T8 = [33,3,‘] yield [3, 4, 3, 31 and 
[3, 3, 4, 31, respectively. 
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